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Abstract
The idea of applying the gauge principle to formulate the general theory of
relativity started with Utiyama in 1956. I review various applications of the
gauge principle applied to different aspects of the gravitational interactions.
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1 Introduction
Gauge invariance now plays a fundamental role in theoretical physics. In
order to have a Lorentz invariant formulation of electromagnetism, one is
forced to represent the two polarizations of the massless photon with a four-
component vector. The redundancy present in the additional components of
the four-vector is then reflected by the fact that the Lagrangian is invariant
under an additional gauge transformation that allows to fix one of the space
components of the vector Ai, the other component A0 being non dynamcial.
In general relativity the problem is more difficult as one must represent the
two polarizations of the massless graviton by a symmetric four-dimensional
tensor with ten independent components. What makes this possible is the
diffeomorphism invariance of the action which allows to fix four of the ten
parameters, the other four components g0i being non-dynamical [1]. This,
however, is not the unique way to represent the gravitational field. The
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other possibility, originally due to Weyl [2] and Cartan [3], and in a more
concrete form to Utiyama [4] and Kibble [5], is based on representing the
two polarizations of the graviton by the vierbein eaµ with sixteen independent
components which transform as a four-vector under diffeomorphisms and a
Lorentz vector under Lorentz transformations. The action is constructed to
be invariant under both diffeomorphism and local Lorentz transformations.
The gauge field associated with local Lorentz invariance, ω abµ is not taken
to be an independent field, but rather determined by setting the generalized
gauge covariant derivative of the field eaµ, with respect to both symmetries,
to vanish [6]
Dµeaν = ∂µeaν + ω abµ ebν − Γρµνeaρ = 0,
where Γρµν = Γ
ρ
νµ is a symmetric connection. This system of 64 indepen-
dent equations allows to solve uniquely for the 24 components of the spin-
connection ω abµ and for the 40 independent components Γ
ρ
µν in function of e
a
µ
provided that eaµ is invertible
ωµab (e) =
1
2
eνae
ρ
b (Ωµνρ (e)− Ωνρµ (e) + Ωρµν (e)) ,
Ωµνρ =
(
∂µe
c
ν − ∂νecµ
)
eρc,
Γρµν =
1
2
gρσ (gµσ,ν + gνσ,µ − gµν,σ) ,
gµν = e
a
µeνa,
which shows that the connection Γρµν is identical to the Christoffel connec-
tion. Taking the antisymmetrized derivative of the metric condition gives an
identity between the curvature of the spin-connection and the curvature of
the Christoffel connection
0 = R abµν (ω) eρb − Rσρµν (Γ) eaσ,
R abµν (ω) = ∂µω
ab
ν − ∂νω abµ + ω acµ ω bνc − ω acν ω bµc,
Rσρµν (Γ) = ∂µΓ
σ
νρ − ∂νΓσµρ − ΓλµρΓσνλ + ΓλνρΓσµλ,
This identity implies that an invariant Lagrangian can be formed out of either
curvature
eµae
ν
bR
ab
µν (ω) = g
ρνRµρµν (Γ) ≡ R.
In this way, the Lorentz and diffeomorphism invariant Lagrangian becomes
either a function of eaµ only or a function of gµν only. The equivalence of both
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expressions can be seen by noting that the Lorentz gauge transformations
can be used to fix the six antisymmetric components of eaµ to vanish. Then
in both cases diffeomorphism invariance fixes four more components out of
the six gij,i, j = 1, 2, 3, with the four components g0i being non dynamical,
leaving only two dynamical degrees of freedom, as should be the case. This
shows the equivalence of the vierbein and metric formulations of the general
theory of relativity, a result which has been dealt with intensively in the
literature. This classical equivalence was culminated in the work of Ashtekar
[7], and collaborators where it was shown that the SL(2,C) invariance can
be written in such a way as to have a manifest invariance under the complex
group SU(2) [8] so that the gauge fields could be separated into self-dual
and anti self-dual parts. The main advantage of the Ashtekar formulation is
that it allows to take the spin-connection as the canonical variables while the
inverse of the soldering forms eµa are taken as the conjugate variables, which
allowed to formulate a theory for loop quantum gravity [9].
The requirement that the Lagrangian should have local SL(2,C) invari-
ance is powerful [10] and fits with the fact that space-time spinors do exist
in nature. The Dirac equation in Minkowski space-time has global SL(2,C)
invariance, and it is natural to require that this invariance be promoted to
become local by introducing the spin-connection as a gauge field. There is,
however, a need to introduce the vierbein, or soldering form as an external
field. Naturally, the idea of extending the homogeneous Lorentz invariance to
the inhomegeneous Lorentz invariance was exploited [11], [12], [13]. In this
case the group has translation generators in addition to the rotation gen-
erators. The field strengths associated with the translation generators are
constrained to be zero, allowing the identification of the translation gauge
parameters with the diffeomorphisms parameters. This is where a gauge
theory of gravity differs from the usual Yang-Mills type gauge theory, as the
constraint of vanishing translational field strength allows to solve for the spin
connection as function of the vierbein, which in this case is the gauge field
associated with translations. This makes the field strength associated with
rotations depend on second derivatives of the vierbein, and becomes identified
with the curvature of the metric formed from the vierbein, as shown above.
The constraints render the theory non-renormalizable. This explains why
the method of formulating gravity as a gauge theory of the inhomogeneous
Lorentz group does not lead to improvements in the renormalizability of the
theory. The main advantages lie in the simplicity of formulation, in having
a polynomial structure, and in the prospect of extending the gravitational
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theory to be unified with the other interactions.
The gauge principle has played a prominent role in the formulation of
different aspects of gravitational theories. This was one of the guiding prin-
ciples of my research for the last thirty years. In this article I will review the
various ways of formulating theories of gravity based on the gauge principle.
The recent interest in models of bigravity resulting from brane models makes
it necessary to study the mechanism of generating a small mass to one com-
bination of the two metrics in a consistent way. For some time it was thought
that a theory for a massive graviton is inconsistent because it does not have
a smooth limit to the massless case [14],[15],[16]. We shall show that, in
analogy with gauge theory for spin-1 fields, it is possible to have a consistent
theory by generating the mass through spontaneous symmetry breaking and
the use of the Higgs mechanism. I will also study the possibility of extending
the general theory of relativity to describe a complex Hermitian metric, an
idea first considered by Einstein in 1945 [17],[18], in his attempt to unify
gravity with electromagnetism. It is now known that the antisymmetric part
of the metric does not describe the electromagnetic field but rather an an-
tisymmetric tensor [19], [20] , which for consistency at the non-linear level,
should be massive [21]. The other possibility to be explored is the unifica-
tion of internal symmetries and space-time symmetries. This corresponds to
a theory of a complex U(N) valued metric [22], [23]. We shall also show that
it is possible to construct simple supergravity [24] using the gauge method
by considering graded algebras [25], [26],[27], [28], [29]. Finally, we show that
when space-time coordinates do not commute, which makes it necessary to
replace ordinary products with Moyal products [30], it is possible to deform
Einstein’s gravity using the methods learned from the gauge formulations of
gravity. The plan of this paper is as follows. In section two we briefly review
the formulation of gravity as a gauge theory of the inhomogeneous Lorentz
group. In section three we consider a gauge theory with two gravitons and
show how to construct a consistent theory of one massless and one massive
graviton by employing the Higgs mechanism. In section four we consider
a gauge theory of gravity based on gauging the unitary group U(1, 3) and
show that this is closely related to general relativity with Hermitian metric.
In section five we consider unification of space-time and internal symmetries,
and show that it is possible to construct a gauge theory of gravity with ma-
trix valued metrics, where only one graviton remains massless with the other
gravitons acquiring mass through the spontaneous breakdown of the larger
symmetry. In section six we briefly discuss gauging graded algebras to con-
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struct simple supergravity. In section seven we consider topological gauge
theories of gravity based on Chern-Simons forms with the gauge groups taken
to be generalizations of the rotation groups in higher dimensions. In section
eight we consider the noncommutative extension of the gauge formulation of
gravity where usual products are replaced with Moyal products. Section nine
is the conclusion.
2 Gauging the inhomogeneous Lorentz group
It is natural to generalize global invariance of the Dirac Lagrangian to a local
one under Lorentz transformations
δψ = Ωψ,
where Ω = exp
(
1
4
λabγab
)
and γab =
1
2
[γa, γb] by allowing the gauge parame-
ters λab to depend on xµ. The invariance is achieved by replacing the ordinary
derivative ∂µ with the covariant derivative [4], [5]
∇µ = ∂µ + 1
4
ω abµ γab.
Utiyama proposed to realize gravity as a gauge theory of the homogeneous
Lorentz group with local gauge invariance under space-time coordinate rota-
tions. This step was then generalized to the inhomegeneous Lorentz group to
enforce invariance under local translations as well. The connection associated
with this group is given by [11], [12],[13],[31]
∇µ = ∂µ + eaµPa + ω abµ Jab,
where Pa are the group generators associated with translation and Jab are
the rotation generators, with eaµ and ω
ab
µ being the respective gauge fields.
The curvature associated with this connection is evaluated to give
[∇µ,∇ν ] = T aµν Pa +R abµν Jab,
where
T aµν = ∂µe
a
ν + ω
ab
µ eνb − µ↔ ν,
R abµν = ∂µω
ab
ν + ω
ac
µ ω
b
νc − µ↔ ν.
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The gauge transformation of the vierbein eaµ is given by
δeaµ = ∂µζ
a + ω abµ ζb + λ
abeµb.
Setting the torsion T aµν to zero allows to solve for ω
ab
µ uniquely provided
that the field eaµ is invertible. This is the same equation as that obtained by
antisymmetrizing the metric condition
Dµeaν −Dνeaµ = T aµν = 0.
The number of independent components in T aµν matches the number of in-
dependent components in ω abµ . The presence of this constraint is the main
difference between gravity and Yang-Mills gauge theories. This constraint
breaks the translational gauge invariance. We note, however, that we can
write for the gauge transformation of eaµ,
δeaµ = ∂µζ
νeaν + ζ
ν∂µe
a
ν + ω
ab
µ ζb + λ
abeµb
= ∂µζ
νeaν + ζ
ν
(
∂νe
a
µ + ω
ab
ν eµb − ω abµ eνb + T aµν
)
+ ω abµ ζb + λ
abeµb
= ∂µζ
νeaν + ζ
ν∂νe
a
µ + λ
′abeµb + ζ
νT aµν ,
where ζν = ζaeνa becomes the parameter for general coordinate transforma-
tions provided that the torsion vanishes. One can require that the transfor-
mations of ω abµ be modified so as to preserve the zero torsion constraint. The
action is constructed in terms of the gauge covariant curvature R abµν and the
gauge fields eaµ
I =
∫
d4xǫµνκλǫabcde
a
µe
b
νR
cd
κλ (ω) .
This is invariant under Lorentz rotations and diffeomorphisms. It is also
invariant under translation invariance provided the torsion is set to zero:
δI = 2
∫
d4xǫµνκλǫabcd∇µζaebνR cdκλ (ω)
= −
∫
d4xǫµνκλǫabcdζ
aT bµνR
cd
κλ (ω)
= 0,
where we have integrated by parts and used the Bianchi identity∇[µR cdκλ] (ω) =
0. Therefore enforcing the zero torsion constraint allows to consider an in-
variant action, without the need to define a metric on the four-dimensional
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manifold, by making use of the differential form representation. Thus, let
[32]
ea = eaµdx
µ, ωab = ω abµ dx
µ,
and
Rab = dωab + ωac ∧ ω bc ≡
1
2
R abµν dx
µ ∧ dxν ,
so that the invariant action simplifies to
I =
∫
M
ǫabcde
a ∧ eb ∧ Rcd.
To this one can always add a cosmological constant∫
M
ǫabcde
a ∧ eb ∧ ec ∧ ed.
One can further write the above action in an index free notation be utilizing
the SL(2,C) invariance [10]. Thus, let
e = eaγa,
ω =
1
4
ωabγab,
which transform as
e→ Ω−1eΩ, ω → Ω−1ωΩ + Ω−1dΩ,
under SL(2,C) transformations. The action then simplifies to
I = 2
∫
M
Tr (iγ5e ∧ e ∧R) ,
where
R = dω + ω ∧ ω,
and invariance of the action follows from the commutativity of γ5 with Ω
[33].
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3 Massive gravity through spontaneous sym-
metry breaking
In the Kaluza-Klein approach of gravity in higher dimensions, the compo-
nents of the higher dimensional metric tensor along the four-dimensional
subspace is expanded in terms of Fourier components
gµν (x, y) =
D−4∏
i=1
∞∑
ni=0
gµνn1···nD−4 (x) e
iniy
i
where yi are the coordinates of the compact directions. Besides the zero
mode representing the massless graviton, one gets an infinite number of mas-
sive gravitons whose masses which are multiples of the Planck mass. In
brane models of gravity as well in gravitational models in noncommutative
geometry it is possible to get gravitons with small mass [34]. The linearized
Lagrangian for massive spin-2 field hµν was found by Fierz and Pauli to be
given by [35]
I = −1
4
∫
d4x
(
∂λhµν∂
λhµν − 2∂νhµν∂λhµλ + 2∂νhµν∂µh λλ − ∂µh νν ∂µh λλ
+m2
(
hµνh
µν − bh νν h λλ
))
,
where, for consistency b must be set to 1 so as to guarantee that only five
components of hµν propagate, instead of the expected six. The mass inde-
pendent part of the above Lagrangian is the same as the one obtained by
linearizing the Einstein-Hilbert action around a Minkowski background. The
propagator for hµν is [36]
∆ρσµν =
1
m2 − k2
((
δρµ −
kµk
ρ
m2
)(
δσν −
kνk
σ
m2
)
− 1
3
(
ηµν − kµkν
m2
)(
ηρσ − k
ρkσ
m2
)
+
1− b
2 (1− b) k2 + (1− 4b)m2
(
ηµν +
2kµkν
m2
)(
ηρσ +
2kρkσ
m2
))
.
Notice that when b 6= 1, the massive spin-2 field and the ghost of the spin-0
are coupled, and will only decouple for b = 1, which is the Fierz-Pauli choice.
The choice b = 1 cannot be maintained at the quantum level and has to be
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tuned. The symmetric tensor hµν has ten independent components but only
the six components hij (i, j = 1, 2, 3) are dynamical. A massive spin-2 field
must have only five dynamical degrees of freedom (2j +1 = 5). This implies
that there is an additional component, a spin-0 ghost, that does not decouple
except for the choice b = 1. The limit of this propagator to the massless case
m→ 0 is singular and is similar to the propagator of a massive spin-1 field,
which is also singular in the massless limit. This strongly suggests that in
order to solve the problem of the singular zero mass limit, the mass of the
spin-2 field should be acquired through spontaneous symmetry breaking and
the Higgs mechanism. To achieve this, the Lagrangian must have a gauge
symmetry to be broken. This makes it necessary to extend the symmetry
of the system, but in such a way as not to increase the dynamical degrees
of freedom of the system. This is where the gauge principle of formulating
gravity enters.
To illustrate the mechanism, we consider a coupled system of one massless
graviton and one massive graviton formulated as a gauge theory of SP (4)×
SP (4) [37]. We start with the gauge fields
A βµα =
(
ieaµγa +
1
4
ω abµ γab
)β
α
,
A
′ β
µα =
(
ie
′a
µ γa +
1
4
ω
′ ab
µ γab
)β
α
,
where (AµC)αβ = (AµC)βα, C being the charge conjugation matrix. These
also satisfy the reality conditions
γ0A
†
µγ0 = −Aµ, γ0A
′†
µ γ0 = −A
′
µ.
These have the following gauge transformations
Aµ → ΩAµΩ−1 + Ω∂µΩ−1
A
′
µ → Ω
′
A
′
µΩ
′−1 + Ω
′
∂µΩ
′−1
where Ω and Ω
′
denote independent symplectic matrices as gauge parameters
Ω = exp
(
iλaγa +
1
4
λabγab
)
,
Ω
′
= exp
(
iλ
′aγa +
1
4
λ
′abγab
)
,
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satisfying Ω−1 = CΩTC−1. Notice that the field eaµ is now associated with
translation in the internal space SP (4). In other words, the SL(2,C) sym-
metry is now extended to SP (4). Next, introduce a Higgs fields G subject
to the reality condition
γ0G
†γ0 = CG
TC−1 ≡ G˜
transforming under the product representation of SP (4)× SP (4)
G→ ΩGΩ′−1,
which has the following expansion in the Clifford algebra basis
Gβ
′
α =
(
ϕ+ iπγ5 + iv
aγ5γa + ig
aγa + g
abγab
)β′
α
.
For the theory to possess a stable Poincare´ invariant vacuum solution, we
require G to have a non-vanishing vacuum:〈
Gβ
′
α
〉
= (a+ ibγ5)
β
′
α .
This breaks the symmetry spontaneously from SP (4) × SP (4) to SL(2,C)
through a non-linear realization [38]. The number of independent compo-
nents of G needed to parametrize the homogeneous space
SP (4)× SP (4)
SL(2,C)
,
is 10 + 10 − 6 = 14. Thus two constraints must be imposed on G to reduce
the number of independent components from 16 to 14. For example these
can be taken to be
Tr
(
GG˜
)
= 4c1,
T r
((
GG˜
)2)
= 4c2,
where G˜ = CGTC−1 → Ω′G˜Ω−1. The action is taken to be of the form∫
Tr
(
αGG˜F ∧ F + α′G˜GF ′ ∧ F ′
+β∇G ∧ ∇G˜ ∧∇G ∧ ∇G˜+ β ′∇G ∧ ∇G˜ ∧ ∇G ∧∇G˜
)
,
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where
F = dA+ A ∧A,
F
′
= dA
′
+ A
′ ∧A′ ,
∇G = dG+ AG−GA′ ,
∇G˜ = dG˜+ A′G˜− G˜A,
To analyze the physical content of the Lagrangian we can eliminate the 14
remaining components of G by fixing 14 gauge conditions, with the remaining
gauge freedom corresponding to the unbroken local SL(2,C) invariance. To
derive the component form of the Lagrangian in this unitary gauge, we write
F =
1
2
(
iF aµν γa + F
ab
µν γab
)
dxµ ∧ dxν
F
′
=
1
2
(
iF
′ a
µν γa + F
′ ab
µν γab
)
dxµ ∧ dxν
F aµν = T
a
µν , F
′ a
µν = T
′ a
µν
F abµν = R
ab
µν − 4
(
eaµe
b
ν − eaνebµ
)
, F
′ ab
µν = R
′ ab
µν − 4
(
e
′a
µ e
′b
ν − e
′a
ν e
′b
µ
)
∇µG =
(
i
(
aea−µ − ibea+µ γ5
)
γa +
1
4
ω −abµ (a + ibγ5) γab
)
∇µ˜G =
(
−i (aea−µ + ibea+µ γ5) γa − 14ω −abµ (a+ ibγ5) γab
)
where
ea±µ = e
a
µ ± e
′a
µ ,
ω −abµ = ω
ab
µ − ω
′ab
µ .
11
One then finds that the action simplifies to [37]
I =
∫
M
d4xǫµνρσ
(
α1FµνabF
ab
ρσ + α
′
1F
′
µνabF
′ ab
ρσ
)
+ ǫabcd
∫
M
d4xǫµνρσ
(
β1F
ab
µν F
cd
ρσ + β
′
1F
′ ab
µν F
′ cd
ρσ
)
+ ǫabcd
∫
M
d4xǫµνρσ
(
γ1e
a−
µ e
b−
ν e
c−
ρ e
d+
σ + γ
′
1e
a+
µ e
b+
ν e
c+
ρ e
d−
σ
)
+ ǫabcd
∫
M
d4xǫµνρσ
(
δ1
(
ea+µ e
−
νe − ea−µ eeνe
)
ω −bcρ ω
−de
σ + δ
′
1e
a+
µ e
b−
ν ω
−be
ρ ω
−d
σe
)
,
where the coefficients appearing above depend on α, α′, β, β ′, γ, γ′, a and b.
Notice that no metric is needed to define this action and all terms appearing
correspond to four-forms. It contains topological terms corresponding to Eu-
ler and Gauss-Bonnet invariants, as well as kinetic terms for the two metrics
ea+µ and e
a−
µ . The physical spectrum of a similar Lagrangian was carried a
long time ago [37], where it was shown that one obtains one combination
of the two vierbeins to represent a massless graviton with the other combi-
nation representing a massive graviton whose mass can be adjusted to take
very small values. The linearized form of the above Lagrangian is of the
Pauli-Fierz type where there are two dynamical degrees of freedom for the
massless graviton and five degrees for the massive graviton. As mentioned
earlier, the propagator for the massive graviton is singular in the zero mass
limit. It is then necessary to study such a limit in a non-unitary gauge, where
the extended gauge invariance is manifest, and where the components of the
Higgs field G are not gauge fixed. For example one can partially fix G to
take the form
G = a + iπγ5 + iv
aγ5γa.
In this case one can show that the physical degrees of freedom correspond to
each of the two massless spin-2 polarizations for ea+µ and e
a−
µ as well as two
degrees for the transverse polarizations in va and one degree for the spin-0
mode, which can be taken as the field π or the spin-0 longitudinal component
of va. For details see [39]. The instability of the Fierz-Pauli choice of the
mass terms would occur at the quantum level, but as explained in [40], the
corrections would occur at a cut-off energy, where the ghost mode would start
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to propagate. At energies much lower than the cut-off scale, the corrections
could be ignored, and the system is well behaved. We conclude that the
proper way of formulating a consistent theory for massive gravity is to adopt
the gauge principle for gravitation with extended symmetry and to use the
Higgs mechanism to generate mass by breaking the symmetry spontaneously
to SL(2,C).
4 Gravity with Hermitian metric
In his attempt to unify gravity with electromagnetism, Einstein proposed to
consider a Hermitian metric satisfying the property [17], [18]
gµν (x) = Gµν (x) + iBµν (x) ,
g†µν (x) = gνµ (x) ,
which implies the symmetries
Gµν (x) = Gνµ (x) , Bµν (x) = −Bνµ (x) .
In this picture the metric tensor of space-time Gµν (x) is unified geometrically
with the field strength Bµν (x) of the electromagnetic field. There is some
arbitrariness in the geometric construction due to the non-uniqueness of the
connection and a certain choice was taken to remove this ambiguity.
The gauge formulation of gravity with a complex metric has the advan-
tage that it removes the above ambiguity and is very elegant. Assume that
we start with the U(1, 3) gauge fields ω aµ b [41] The U(1, 3) group of transfor-
mations is defined as the set of matrix transformations leaving the quadratic
form
(Za)† ηabZ
b,
invariant, where Za are 4 complex fields and
ηab = diag (−1, 1, 1, 1) ,
with 3 positive entries. The gauge fields ω aµ b must then satisfy the condition(
ω aµ b
)†
= −ηbcω cµ dηda.
The curvature associated with this gauge field is
R aµν b = ∂µω
a
ν b − ∂νω aµ b + ω aµ cω cν b − ω aν cω cµ b.
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Under gauge transformations we have
gω aµ b = M
a
c ω
c
µ dM
−1d
b −Mac ∂µM−1cb ,
where the matrices M are subject to the condition:
(Mac )
†
ηabM
b
d = η
c
d.
The curvature then transforms as
gR aµν b = M
a
cR
c
µν dM
−1d
b .
Next we introduce the complex vierbein eaµ and its inverse e
µ
a defined by
eνae
a
µ = δ
ν
µ, e
a
νe
ν
b = δ
a
b ,
which transform as
geaµ = M
a
b e
b
µ,
geµa = e˜
µ
bM
−1b
a .
It is also useful to define the complex conjugates
eµa ≡
(
eaµ
)†
, eµa ≡ (eµa)† .
With this, it is not difficult to see that
eµaR
a
µν bη
b
ce
νc,
is hermitian and U(1, 3) invariant. The metric is defined by
gµν =
(
eaµ
)†
ηab e
b
ν ,
satisfy the property g†µν = gνµ. When the metric is decomposed into its real
and imaginary parts:
gµν = Gµν + iBµν ,
the hermiticity property then implies the symmetries
Gµν = Gνµ, Bµν = −Bνµ.
The gauge invariant Hermitian action is given by
I =
∫
d4x
√
e
†
eµaR
a
µν bη
b
ce
νc
√
e,
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where e = det
(
eaµ
)
. One goes to the second order formalism by integrating
out the spin connection and substituting its value in terms of the vierbein.
The resulting action depends only on the fields gµν . It is worthwhile to stress
that the above action, unlike others proposed to describe nonsymmetric grav-
ity [19] is unique, except for the measure, and unambiguous. Similar ideas
have been proposed in the past based on gauging the groups O(4, 4) [42],[43]
and GL(4) [44], in relation to string duality, but the results obtained there
are different from what is presented here.
The infinitesimal gauge transformations for eaµ is δe
a
µ = Λ
a
be
b
µ, which can
be decomposed into real and imaginary parts by writing
eaµ = e
a
0µ + ie
a
1µ,
Λab = Λ
a
0 b + iΛ
a
1 b.
From the gauge transformations of ea0µ and e
a
1µ one can easily show that the
gauge parameters Λa0 b and Λ
a
1 b can be chosen to make e0µa symmetric in µ
and a and e1µa antisymmetric in µ and a. This is equivalent to the statement
that the Lagrangian should be completely expressible in terms of Gµν and
Bµν only, after eliminating ω
a
µ b through its equations of motion. In reality
we have
Gµν = e
a
0µe
b
0νηab + e
a
1µe
b
1νηab,
Bµν = e
a
0µe
b
1νηab − ea1µeb0νηab.
In this special gauge, where we define
g0µν = e
a
0µe
b
0νηab, g0µνg
νλ
0 = δ
λ
µ,
and use ea0µ to raise and lower indices, we get
Bµν = −2e1µν ,
Gµν = g0µν − 1
4
BµκBλνg
κλ
0 .
The last formula appears in the metric of the effective action in open string
theory [45].
We can express the Lagrangian in terms of eaµ only by solving the ω
a
µ b
equations of motion
eµae
νbω cν b + e
ν
be
µcω bν a − eµbeνaω cν b − eµb eνcω bν a =
1√
G
∂ν
(√
G (eνae
µc − eµaeνc)
)
≡ Xµc a
15
where Xµc a satisfy (X
µc
a)
† = −Xµac. One has to be very careful in working
with a nonsymmetric metric
gµν = e
a
µeνa, g
µν = eµaeνa,
gµνg
νρ = δρµ, gµνg
µρ 6= δρµ.
Care also should be taken when raising and lowering indices with the metric.
Before solving the ω equations, we point out that the trace part of ω aµ b
(corresponding to the U(1) part in U(1, 3)) must decouple from the other
gauge fields. It is thus undetermined and decouples from the Lagrangian
after substituting its equation of motion. It imposes a condition on the eaµ
1√
G
∂ν
(√
G (eνae
µa − eµaeνa)
)
≡ Xµaa = 0.
We can therefore assume, without any loss in generality, that ω aµ b is traceless(
ω aµ a = 0
)
.
The ω-equation gives
ω µκρ + ω
µ
ρ κ =
1
8
δµκ
(
3Xµρµ −Xµµρ
)
+
1
8
δµρ
(−Xµκµ + 3Xµµκ)−Xµρκ ≡ Y µρκ.
We can rewrite this equation after contracting with eµce
c
σ to get
ωκρσ + e
µ
aeµce
c
σω
a
ρ κ = gσµY
µ
ρκ ≡ Yσρκ.
By writing ω aρ κ = ωρνκe
νa we get(
δακδ
β
ρ δ
γ
σ + g
βµgσµδ
α
ρ δ
γ
κ
)
ωαβγ = Yσρκ.
To solve this equation we have to invert the tensor
Mαβγκρσ = δ
α
κδ
β
ρ δ
γ
σ + g
βµgσµδ
α
ρ δ
γ
κ.
In the conventional case when all fields are real, the metric gµν is symmetric
and gβµgσµ = δ
β
σ so that the inverse of M
αβγ
κρσ is simple. In the present case,
because of the nonsymmetry of gµν this is fairly complicated and could only
be solved by a perturbative expansion. Writing gµν = Gµν + iBµν , and
defining GµνGνρ = δ
µ
ρ implies that
gµαgνα ≡ δµν + Lµν ,
Lµν = iG
µρBρν − 2GµρBρσGσαBαν +O(B3).
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The inverse of Mαβγκρσ defined by
N
σρκ
αβγM
α′β′γ′
σρκ = δ
α′
α δ
β′
β δ
γ′
γ
is evaluated to give
N
σρκ
αβγ =
1
2
(
δσγ δ
ρ
βδ
κ
α + δ
σ
βδ
ρ
αδ
κ
γ − δσαδργδκβ
)
− 1
4
(
δκβδ
σ
αL
ρ
γ + δ
κ
αδ
σ
γL
ρ
β − δκγδσβLρα
)
+
1
4
(
Lκγδ
σ
βδ
ρ
α + L
κ
βδ
σ
αδ
ρ
γ − Lκαδσγ δρβ
)
− 1
4
(
δκαL
σ
γδ
ρ
β + δ
κ
γL
σ
βδ
ρ
α − δκβLσαδργ
)
+O(L2).
This enables us to write
ωαβγ = N
σρκ
αβγYρσκ.
It is clear that the leading term reproduces the Einstein-Hilbert action plus
contributions proportional to Bµν and higher order terms. We can check that
in the flat approximation for gravity with Gµν taken to be δµν , the Bµν field
gets the correct kinetic terms. First we write
eaµ = δ
a
µ −
i
2
Bµa, eµa = δ
a
µ +
i
2
Bµa.
The ω aµ aequation implies the constraint
Xµa a = ∂ν (e
µ
ae
νa − eνaeµa) = 0.
This gives the gauge fixing condition ∂νBµν = 0. This equation gave the
motivation to Einstein to interpret Bµν as the electromagnetic field strength.
We then evaluate
ωµνρ = − i
2
(∂µBνρ + ∂νBµρ) .
When the ωµνρ is substituted back into the Lagrangian, and after integration
by parts one gets
L = ωµνρω
νρµ − ω µρµ ω ννρ = −
1
4
Bµν∂
2Bµν .
This is identical to the usual expression 1
12
HµνρH
µνρ, where Hµνρ = ∂µBνρ +
∂νBρµ+∂ρBµν . The later developments of nonsymmetric gravity showed that
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the occurrence of the trace part of the spin-connection in a linear form would
result in the propagation of ghosts in the field Bµν [20]. This can be traced
to the fact that there is no gauge symmetry associated with the field Bµν .
The inconsistency is avoided by adding to the action the gauge invariant
cosmological term [21] ∫
d4x
(
det eµa det e
a
µ
) 1
2
as this provides a mass term to the field Bµν .
5 Unifying space-time and internal symme-
tries
In D-branes, coordinates of space-time become noncommuting and U(N)
matrix-valued [46] [
X i, Xj
] 6= 0.
A metric on such spaces will also become matrix-valued. For example in the
case of D-0 branes a matrix model action takes the form [47]
Tr
(
Gij (X) ∂0X
i∂0X
j
)
.
At very short distances coordinates of space-time can become noncommuting
and represented by matrices.
Developing differential geometry on such spaces is ambiguous. Defining
covariant derivatives, affine connections, contracting indices, will all depend
on the order these operations are performed because of noncommutativity.
Some of these developments lead to inconsistencies such as the occurrence
of higher spin fields [48]. In many cases studies were limited to abelian
(commuting) matrices with Fierz-Pauli interactions [49]. More recently the
spectral approach was taken by Avramidi [50] which implies a well defined
order for geometric constructs. Experimentally [51], there is only one mass-
less graviton. Therefore in a consistent U(N) matrix-valued gravity only one
massless field should result with all others corresponding to massive gravi-
tons. The masses of the gravitons should be acquired through the Higgs
mechanism.
The lesson we learned in the last section is that one should start with a
large symmetry and break it spontaneously. The minimal non-trivial exten-
sion of SL(2,C) and U(N) is SL(2N,C). This is a non-compact group. It
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can be taken as a gauge group only in the first order formalism, in analogy
with SL(2,C). The vierbein eaµ and the spin-connection ω
ab
µ are conjugate
variables related by the zero torsion condition. The number of conditions in
T aµν = 0 is equal to the number of independent components of ω
ab
µ , which
can be determined completely in terms of eaµ. The SL(2N,C) gauge field can
be expanded in the Dirac basis in the form [22],[52]
Aµ = iaµ + γ5bµ +
i
4
ω abµ σab,
where
aµ = a
I
µλ
I , bµ = b
I
µλ
I , I = 1, · · · , N2 − 1,
ω abµ = ω
abi
µ λ
i, i = 0, I.
and λi are the U(N) Gell-Mann matrices. The analogue of eaµγa is
Lµ = e
a
µγa + f
a
µγ5γa,
where eaµ and f
a
µ are U(N) matrices. This is equivalent to having complex
matrix gravity. The zero torsion condition
T = dL+ LA + AL = 0,
will give two sets of conditions
T aµν = 0, T
a5
µν = 0,
which will overdetermined the variables ω abµ .
The correct approach [52] is to consider SL(2N,C)×SL(2N,C), or equiv-
alently the complex extension of SL(2N,C) as was done by Isham, Salam
and Strathdee [22] for the massive spin-2 nonets. In this case
aµ = a
1
µ + ia
2
µ, bµ = b
1
µ + ib
2
µ, ω
ab
µ = B
ab
µ + iC
ab
µ ,
and the torsion zero constraints are enough to determine Babµ and C
ab
µ in terms
of eaµ, f
a
µ , aµ and bµ. One can write, almost uniquely, a metric independent
gauge invariant action which will correspond to massless U(N) gravitons∫
M
Tr
(
i (α+ βγ5)LL
′
F + i
(
α + βγ5
)
L
′
LF + (iλ+ γ5η)LL
′
LL
′
)
,
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where L
′
is related to L. For illustration, the form of this action in the N = 1
case is
− 1
2
∫
M
d4xǫµνκλ
((
(α2 − β1) eµaeνb + 1
2
(α1 + β2) ǫabcde
c
µe
d
ν
)
B abκλ
+
(
(α2 + β1) fµafνb − 1
2
(α1 − β2) ǫabcdf cµf dν
)
C abκλ
+ǫabcd
(
(λ− η) eaµebνecκedλ + (λ+ η) faµf bνf cκf dλ
))
.
where B abκλ C
ab
κλ are the curvatures associated with B
ab
µ and C
ab
µ respectively.
To give masses to the spin-2 fields, introduce the Higgs fields H and H
′
transforming as L and L
′
and constrained in such a way as to break the
symmetry non-linearly from SL(2N,C)×SL(2N,C) to SL(2,C) [38]. We
can add the mass terms∫
M
Tr
(
(iτ + γ5ξ)LH
′
LH
′
LL
′
+ (iρ+ γ5ξ)HL
′
HL
′
LL
′
)
.
Some of the relevant terms in the quadratic parts of the action are, in com-
ponent form [52],∫
d4xǫµνκλTr
(
α1
{
Eaµ, E
′
νa
}
a2κλ + α2
{
F aµ , F
′
νa
}
b2κλ
)
+ ǫabcdTr
(
β1
{
Eaµ, E
′b
ν
}
Bcdκλ + β2
{
F aµ , F
′b
ν
}
Ccdκλ+
+γ1E
a
µE
′b
ν E
c
κE
′d
λ + γ2F
a
µF
′b
ν F
c
κF
′d
λ + δ1E
a
µE
′b
ν E
c
κF
d
λ + δ2F
a
µF
′b
ν F
c
κE
d
λ
)
.
This action is complicated because all expressions are matrix valued. Equa-
tions are solved perturbatively. The action can be determined to second
order in the fields, and the spectrum found to be given by two sets of SU(N)
matrix-valued massive gravitons, plus two singlets of gravitons, one massless
and the other is massive, as well as SU(N)× SU(N) gauge fields.
We decompose EIµa into symmetric and antisymmetric parts
EIµa = S
I
µa + T
I
µa,
where SIµa = S
I
aµ is symmetric and T
I
µa = −T Iaµ is antisymmetric. The
symmetric part propagates while the antisymmetric part T Iµν couples to the
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Yang-Mills fields and act as auxiliary fields to give them kinetic energies. For
example, besides the quadratic terms for T µνI coming from the mass terms,
we have ∫
M
d4x
(
∂µa
1I
ν − ∂νa1Iµ
)
T µνI ,
as well as similar couplings to a2Iµ , b
1I
µ , b
2I
µ . By eliminating the field T
I
µν the
fields a1Iµ , a
2I
µ , b
1I
µ , b
2I
µ would acquire the regular SU(N) Yang-Mills gauge
field strengths. A detalied study of this system is carried in [52]. Again, this
shows the effectiveness of the gauge principle in generalizing unambiguosly
the metric and gravitational interactions to become matrix valued. This is
to be contrasted with the geometric approach, which is plagued with ambi-
guities.
6 Supergravity from gauging graded Lie al-
gebras
The gauge formulation of gravity is simpler than the geometrical formula-
tion. However, the simplifications are much more apparent in the derivation
of the supergravity action based on gauging the supersymmetry algebra. In
1976 the supergravity action was constructed by extending the local super-
symmetric invariance to the Einstein action by using the Noether’s method
[24]. This is a perturbative approach of insuring the invariance order by
order, up to quartic fermionic terms and is very complicated. It was natu-
ral to attempt construct this theory using the gauge approach, and indeed
this was done soon after and resulted in the most elegant formulation of
supergravity. The starting point is to consider the supersymmetry algebra.
This is the graded extension of the Poincare´ algebra by adding the following
commutation relations [25]
[Sα, Jab] =
i
2
(γab)
β
α Sβ ,
[Sα, Pa] = 0,
{Sα, Sβ} = − (γaC)αβ Pa,
where Pa, Jab and Sα are, respectively, the translation, rotation and fermionic
generators and Cαβ is the charge conjugation matrix. Demanding invariance
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under local supersymmetry transformations, requires introducing the covari-
ant derivative
Dµ = ∂µ + e
a
µPa + ω
ab
µ Jab + ψ
α
µSα
where eaµ, ω
ab
µ and ψ
α
µ are now gauge fields with the following fermionic
transformations
δeaµ = ηγ
aψµ
δω abµ = 0,
δψ
α
µ =
[
η
(←−
∂ µ − 1
4
γabω
ab
µ
)]α
.
The fermionic gauge parameters η are dependent on the coordinates xµ. The
field strengths are found by computing the commutator
[Dµ, Dν ] = C
a
µν Pa +
1
4
R abµν γab +D
α
µνSα,
where
C aµν = ∂µe
a
ν + ω
ab
µ eνb −
1
2
ψµγ
aψν − µ↔ ν,
R abµν = ∂µω
ab
ν + ω
ac
µ ω
b
µc − µ↔ ν,
D
α
µν = ψ[ν
(←−
∂ µ] − 1
4
γabω
ab
µ]
)α
− µ↔ ν.
The field strengths transform covariantly under supersymmetry transforma-
tions
δC aµν = ηγ
aψµν ,
δR abµν = 0,
δψ
α
µν =
1
4
(
ηγabR
ab
µν
)α
In analogy with the bosonic case, we assume that the generalized torsion
C aµν , which is the field strength associated with translational symmetry, to
vanish. It is then necessary to modify the transformations of ω abµ in order to
maintain this condition, thus we must take
δ
′
ωµab = −1
4
(
ηγaDµb − ηγbDµa + ecµeρaeσb ηγcDρσ
)
.
22
The action is then constructed as function of the remaining field strengths:
I =
1
4
∫
d4xǫµνρσ
(
ǫabcde
a
µe
b
νR
cd
ρσ + iαe
a
µψνγ5γaDρσ
)
where the parameter α is determined by the requirement that the ω abµ equa-
tion of motion, which appears linearly and quadratically, should result in the
equation C aµν = 0. This fixes the parameter α = 1. Using the observation
that the variation of the action with respect to ω abµ drops out because
δI
δω abµ
∣∣∣∣
e,ψ
= 0,
proving the invariance of the action under supersymmetry transformations
become an easy matter. Varying the Einstein term only gives one term
2ǫabcdηγ
aψµe
b
νR
cd
ρσ ,
while varying the fermionic term results in three terms
iηγaψµψνγ5γaDρσ + ie
a
µη
←−
D νγ5γaDρσ − i
4
eaµψνγ5γaγcdηR
cd
ρσ .
Integrating by parts the middle term gives two terms, one proportional to
D[µ e
a
ν] which can be equated to
1
2
ψµγ
aψν using the generalized torsion con-
dition, while the other is proportional to D[νDρσ] which by the Bianchi iden-
tity is equal to 1
4
R cd[νρ γcdψσ]. One can show by a simple Fierz reshuffle that
these two terms cancel the first and third terms in the above expression.
The simplicity of this derivation [25] should be contrasted with the extreme
complexity of the Noether’s method which was originally used to derive this
Lagrangian [24].
Another method of deriving the supergravity action is based on the ob-
servation that the supersymmetry algebra could be obtained by an Inonu¨-
Wigner contraction of the Orthosymplectic algebra OSP (4, 1) [26],[27],[53].
The group is defined as the set of linear transformations which leave invariant
the bilinear form
(z, z) = zAηABz
B ,
where the linear space
{
zA = θα, z
}
comprise one commuting coordinate z5 =
z and four anticommuting coordinates zA = θα, A = 1, · · · , 4. The matrix
ηAB is given by
ηAB =
(
Cαβ 0
0 1
)
,
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where Cαβ is an antisymmetric root of the unit matrix [27]. Indices are raised
and lowered with ηAB and its inverse η
AB, where ηABηBC = δ
A
C , thus
zA = ηABz
B , zA = ηABzB.
The tensor φ BA , a representation of OSP (1, 4), transforms like zAz
B , con-
tains three distinct irreducible representations. These are the graded trace
(−1)aφ AA , the graded symmetric and traceless part, and the graded antisym-
metric part. The grading number a for zA is defined by
a = 0, A = 5
a = 1, A = 1, · · · , 4
so that zAzB = (−1)ab zBzA and the graded symmetric and antisymmetric
tensors are defined by
φ
(s)
AB = (−1)ab φ(s)BA,
φ
(a)
AB = − (−1)ab φ(a)BA,
(−1)aφ(s) AA = 0,
where φAB = φ
C
A ηCB.
The matrix decomposition of these representations are given by [27]
φ
(s)B
A =
( (
1
4
ϕ+ γπ + γaγ5v
a
)β
α
λα
−λα φ
)
,
φ
(a)B
A =
( (
γaφ
a + 1
4
γabφ
ab
)β
α
λα
λ
α
0
)
,
where the spinors used are Majorana, λα = Cαβλ
β
. The antisymmetric rep-
resentation is the adjoint representation. Demanding local OSP (1, 4) gauge
invariance is done along similar lines to the pure bosonic case. First introduce
gauge potentials in the adjoint representation
Φµ =
( (
κ−1 (iγa)
β
α e
a
µ +
1
4
(γab)
β
α ω
ab
µ
)
κ−
1
2ψµα
κ−
1
2ψ
α
µ 0
)
which transforms according to
Φµ = ΩΦµΩ
−1 + Ω∂µΩ
−1
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where Ω are gauge parameters in the adjoint representation. The field
strengths of the gauge potentials Φµ are defined by
Φµν = ∂µΦν − ∂νΦµ + [Φµ,Φν ]
=
( (
κ−1 (iγa)
β
αC
a
µν +
1
4
(γab)
β
α F
ab
µν
)
κ−
1
2χµνα
κ−
1
2χαµν 0
)
where
C aµν = ∂µe
a
ν + ω
ab
µ eνb −
i
4
ψµγ
aψν − µ↔ ν,
F abµν = R
ab
µν − 4κ−2
(
eaµe
b
ν − eaµebν
)− κ−1ψµγabψν ,
χαµν = D
α
µν + 2κ
−1 (iγa)
α
β e
a
[µψ
β
ν]b.
The orthosymplectic algebra OSP (4, 1) contracts to the supersymmetry al-
gebra by taking the limit κ → ∞. This corresponds to the contraction of a
de Sitter space with infinite radius to give Minkowski space. The component
gauge fields transform according to
δeaµ = ∂µε
a + ω abµ εb + ηγ
aψµ + ω
abeµb
δω abµ = ∂µω
ab + 2ω[a cω b]µc + 2κ
−2e[aµ ε
b] + 2κ−1ηγabψµ,
δψµ = ∂µη +
1
4
ω abµ γabη +
1
4
ω abγabψµ + iκ
−1eaµγaη + iκ
−1εaγaψµ
Imposing the constraint on the field strength of the translation generators
C aµν = 0
requires the modification of the transformations of ω abµ in order to maintain
this constraint. The invariant action is then formed from the other non-
vanishing components of Φµν , and is given by
I =
∫
d4xǫµνρσ
(
ǫabcdF
ab
µν F
cd
ρσ + αχµνγ5χρσ
)
,
where the parameter α is fixed by gauge invariance to be
α =
i
2
.
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The above action splits into five parts ranging in powers of κ from κ0 to κ−4.
The first is the Gauss-Bonnet topological invariant
I(0) =
1
4
∫
d4xǫµνρσǫabcdR
ab
µν R
cd
ρσ .
The second part is a boundary term and is given by
I(−1) = iκ−1
∫
d4xǫµνρσDµνγ5Dρσ.
The third part is the supergravity action
I(−2) = 4κ−2
∫
d4xǫµνρσ
(
ǫabcde
a
µe
b
νR
cd
ρσ + ie
a
µψνγ5Dρσ
)
.
The fourth part part is a mass-like term for the gravitino
I(−2) = 4iκ−3
∫
d4xǫµνρσǫabcde
a
µe
b
νψργ5ψσ,
and the last part is a cosmological term
I(−2) = 16κ−4
∫
d4xǫµνρσǫabcde
a
µe
b
νe
c
ρe
d
σ.
The total Lagrangian is that of supergravity with a cosmological constant,
mass like term for the gravitino and boundary terms. Using the fact that the
first two terms are boundary terms and can be discarded, we notice that in
the limit κ→∞, the action reduces to the supergravity action I(−2) which is
invariant under the supersymmetry algebra. This is to be expected because
the supersymmetry algebra is obtained from the orthosymplectic algebra
OSP (4, 1) by an Inonu¨-Wigner contraction by taking the limit κ → ∞.
This analysis shows the power of the gauge idea, and reduce an intractable
calculation to the evaluation of a simple trace. This was just the starting
point for gauging graded Lie groups, and many applications of this idea
followed soon after. This idea played an important role in the construction
of extended supergravities [54] and conformal supergravity [29].
7 Topological gravity in odd dimensions
It was shown by Witten [55] that the Einstein-Hilbert action with or without
a cosmological term for three dimensional gravity can be derived in the first
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order formalism as a gauge theory of SO(1, 4), SO(2, 3), or ISO(1, 3). The
action is of the Chern-Simons type and is renormalizable. This formalism
could be generalized to all odd dimensions. Consider the 2n+1 Chern-Simons
form ω2n+1 defined by [56]
ω2n+1 = (n+ 1)
1∫
0
δt
〈
A
(
tdA+ t2A2
)n〉
,
where A is the gauge field for one of the gauge groups ISO(1, 2n), SO(1, 2n+
1) or SO(2, 2n) depending on whether we want to gauge the Poincare´ de
Sitter or anti de Sitter groups [57],[58] in 2n+1 dimensions. In the definition
of the bracket 〈· · · 〉 it is essential to use the (n+1) group-invariant form [55]
〈JA1B1JA2B2 · · ·JAnBn〉 = ǫA1B1A2B2···AnBn ,
where JAB is the group generator and A,B = 0, 1, · · · , 2n+ 1. The action is
taken to be
I2n+1 = k
∫
M2n+1
ω2n+1.
Under a gauge transformation the gauge field A transforms according to
Ag = g−1Ag + g−1dg
which implies that the Chern-Simons form transforms to
ω
g
2n+1 = ω2n+1 + dα2n + (−1)n
(n)! (n+ 1)!
(2n+ 1)!
〈(
g−1dg
)2n+1〉
,
where α2n is a two form which is a function of A and g
−1dg, and the last
term is proportional to the winding number. For the groups ISO(1, 2n),
SO(1, 2n + 1) or SO(2, 2n) the winding number is proportional to torsion,
and thus vanishes. For example in the case of five-dimensional Chern-Simons
form the homotopy elements are
π5 (SO(1, 5)) = π5 (SO(5)) = Z2,
π5 (SO(2, 4)) = π5 (SO(4)) = Z2 + Z2.
Thus for manifolds without boundary the Chern-Simons action is gauge in-
variant, which implies that the constant k is not quantized, which is desirable
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if the theory is to describe gravity. For manifolds with boundary the action is
invariant provided that A or g−1dg vanish at the boundary. We shall assume
that the manifold M2n+1 is without boundary.
To make the connection to gravity we identify
Aab = ωab, Aa,2n+1 = ea, a = 0, 1, · · · , 2n.
The remarkable thing is that the above Chern-Simons action when expressed
in terms of the fields ea and ωab takes the form
I2n+1 =
∫
M2n+1
n∑
l=0
1
2l + 1
λl
(
n
l
)
·
ǫa1a2···a2n+1R
a1a2 ∧ · · ·Ra2n−2l−1a2n−2l ∧ ea2n−2l+1 ∧ · · · ∧ ea2n+1 ,
where
λ =

1 for SO(2, 2n)
−1 for SO(1, 2n+ 1)
0 for ISO(1, 2n)
.
Thus the Chern-Simons action in odd dimensions is seen to be the sum of
Euler densities with fixed coefficients [59]. Notice that in the ISO(1, 2n) case
only one term in the action remains
I2n+1 =
∫
M2n+1
ǫa1a2···a2n+1R
a1a2 ∧ · · ·Ra2n−1a2n ∧ ea2n+1 .
The variational equations of AaB have a simple structure
ǫA1B1···AnBnF
A1B1 ∧ · · · ∧ FAnBn = 0
where
FAB = dAAB + AAC ∧ A BC .
Decomposing this equation with respect to the new variables gives two equa-
tions
ǫa1a2···a2n+1 (R
a1a2 + λea1ea2) ∧ · · · ∧ (Ra2n−1a2n + λea2n−1ea2n) = 0,
ǫa1a2···a2n+1T
a1 ∧ (Ra2a3 + λea2ea3) ∧ · · · ∧ (Ra2n−2a2n−1 + λea2n−2ea2n−1) = 0,
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where T a is the torsion given by
T a = dea + ωab ∧ eb.
This scheme could be generalized to include fermions by gauging the graded
extensions of the Poincare´ and de-Sitter groups. The supersymmetric ex-
tension of the Poincare´ group is known to exist in all dimensions, but those
extending the de Sitter groups are limited. The list stops at the supersym-
metric extension of O(2, 6) corresponding to a seven-dimensional space-time
in this framework. The supergroups relevant to space-time dimensions of
four or more are [60]{
(O(2, 3)⊕ O(N), (4, N)) , N = 1, 2, · · ·(
O(1, 4)⊕ U(1), (4 + 4))
}
D = 4
{ (
O(2, 3)⊕O(N), (4, N) + (4, N)) , N = 1, 2, · · ·(
O(2, 4)⊕ SU(4), (4 + 4) + (4, 4))
}
D = 5{
(O(1, 6)⊕ SU(2), (8, 2))
(O(2, 5)⊕ SU(2), (8, 2))
}
D = 6
(O(2, 6)⊕ SU(N, q), (8, 2N)) , N = 1, 2, · · · D = 7
In this notation, the first part in the parentheses gives the bosonic parts of
the group while the second part specifies the fermionic representations with
respect to these bosonic groups. The supergravity actions are constructed
using the Chern-Simons forms in odd dimensions with the gauge fields taking
values in the graded Lie algebras corresponding to that dimension. The
graded group invariant is now constructed using the supertrace. The super-
Poincare´ groups are easier to deal with and a general formula can be given.
In dimensions higher than seven, the smallest extensions of the de Sitter
groups are the orthosymplectic groups, which have many more generators
than the minimum required. There are many further developments in this
direction [61], for a review see [62].We therefore see that the gauge principle
is very easy and powerful in determining topological theories of gravity in
odd dimension. This is to be contrasted with the geometrical approach where
such constructions are quite difficult.
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8 Noncommutative gravity
Open string theories as well as D-branes in the presence of a background
antisymmetric B-field give rise to noncommutative effective field theories
[46],[45]. This is equivalent to field theories deformed with the star prod-
uct [63]. The primary example of this is noncommutative U(N) Yang-Mills
theory. It is natural then to ask whether it is possible to deform Einstein’s
gravity with the star product. This is not easy to do in a geometrical setting,
although there has been some recent progress [64]. On the other hand this
is possible in the gauge approach using the same methods used before. To
construct a noncommutative gravitational action in four dimensions one pro-
ceeds as follows. First the gauge field strength of the noncommutative gauge
group SO(4, 1) is taken. This is followed by an Inonu¨-Wigner contraction
to the group ISO(3, 1), thus determining the dependence of the deformed
vierbein on the undeformed one.
The starting point is the assumption that space-time coordinates xµ do
not commute
[xµ, xν ] = iθµν
where θµν are assumed to be constant. However, under diffeomorphism trans-
formations, θµν becomes a function of x, and one has to generalize the def-
inition of the star product to be applicable for a general manifold, but this
is only known for symplectic manifolds [65]. The effect of this noncommu-
tativity is that ordinary products are replaced with the star product defined
by
f ∗ g = e i2θµν ∂∂ξµ ∂∂ην f (x+ ξ) g (x+ η) |ξ=η=0.
In gauge theories one mainly uses U(N) gauge fields subject to the condition
Â†µ = −Âµ because such condition could be maintained under the gauge
transformations [45]
Âgµ = ĝ ∗ Âµ ∗ ĝ−1∗ − ĝ ∗ ∂µĝ−1∗ ,
where ĝ ∗ ĝ−1∗ = 1 = ĝ−1∗ ∗ ĝ . To avoid using complex or Hermitian gravita-
tional fields, we introduce the gauge fields ω̂ ABµ [66] subject to the conditions
[67],[68]
ω̂ AB†µ (x, θ) = −ω̂ BAµ (x, θ) ,
ω̂ ABµ (x, θ)
r ≡ ω̂ ABµ (x,−θ) = −ω̂ BAµ (x, θ) .
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Expanding the gauge fields in powers of θ, we have
ω̂ ABµ (x, θ) = ω
AB
µ − iθνρω ABµνρ + · · · .
The above conditions then imply the following
ω ABµ = −ω BAµ , ω ABµνρ = ω BAµνρ .
A basic assumption to be made is that there are no new degrees of freedom
introduced by the new fields, and that these are related to the undeformed
fields by the Seiberg-Witten map [45]. This is defined by the property
ω̂ ABµ (ω) + δλ̂ω̂
AB
µ (ω) = ω̂
AB
µ (ω + δλω) ,
where ĝ = eλ̂ and the infinitesimal transformation of ω ABµ is given by
δλω
AB
µ = ∂µλ
AB + ω ACµ λ
CB − λACω BµC ,
and for the deformed field it is
δ
λ̂
ω̂ ABµ = ∂µλ̂
AB + ω̂ ACµ ∗ λ̂CB − λ̂AC ∗ ω̂ CBµ .
To solve this equation we first write
ω̂ ABµ = ω
AB
µ + ω
′ AB
µ (ω)
λ̂AB = λAB + λ
′AB (λ, ω)
where ω′ABµ (ω) and λ
′AB (λ, ω) are functions of θ, and then substitute into
the variational equation to get [45]
ω′ABµ (ω + δω)− ω′ABµ (ω)
= ∂µλ
′AB + ω ACµ λ
′ B
C − λ′ACω BµC + ω′ ACµ λ BC − λACω′ BµC
+
i
2
θνρ
(
∂νω
AC
µ ∂ρλ
B
C + ∂ρλ
AC∂νω
B
µC
)
This equation is solved, to first order in θ, by
ω̂ ABµ = ω
AB
µ −
i
4
θνρ {ων , ∂ρωµ +Rρµ}AB +O(θ2)
λ̂AB = λAB +
i
4
θνρ {∂νλ, ωρ}AB +O(θ2)
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where we have defined the anticommutator {α, β}AB ≡ αACβ BC + βACα BC .
With this it is possible to derive the differential equation that govern the
dependence of the deformed fields on θ to all orders
δω̂ ABµ (θ) = −
i
4
θνρ
{
ω̂ν ,∗ ∂ρ ω̂µ + R̂ρµ
}AB
with the products in the anticommutator given by the star product, and
where
R̂ ABµν = ∂µω̂
AB
ν − ∂ν ω̂ ABµ + ω̂ ACµ ∗ ω̂ BνC − ω̂ ACν ∗ ω̂ CBµ
We are mainly interested in determining ω̂ ABµ (θ) to second order in θ.
This is due to the fact that the deformed gravitational action is required to
be hermitian. The undefomed fields being real, then implies that all odd
powers of θ in the action must vanish. The above equation could be solved
iteratively, by inserting the solution to first order in θ in the differential
equation and integrating it. The second order corrections in θ to ω̂ ABµ are
1
32
θνρθκσ
(
{ωκ, 2 {Rσν , Rµρ} − {ων , (DρRσµ + ∂ρRσµ) } − ∂σ {ων, (∂ρωµ +Rρµ)}}AB
+ [∂νωκ, ∂ρ (∂σωµ +Rσµ)]
AB − {{ων , (∂ρωκ +Rρκ)} , (∂σωµ +Rσµ)}AB
)
One problem remains of how to determine the dependence of the vierbein êaµ
on the undeformed field as it is not a gauge field. To resolve this problem
we adopt the strategy of considering the field eaµ as the gauge field of the
translation generator of the inhomegenious Lorentz group, obtained through
the contraction of the group SO(4, 1) to ISO(3, 1).We write ω̂ a5µ = kê
a
µ and
ω̂ 55µ = kφ̂µ. We shall only impose the condition T
a
µν = 0 and not T̂
a
µν = 0
because we are not interested in φµ which will drop out in the limit k → 0.
The result for ê aµ in the limit k → 0 is
ê aµ = e
a
µ −
i
4
θνρ
(
ω acν ∂ρeµc +
(
∂ρω
ac
µ +R
ac
ρµ
)
eνc
)
+
1
32
θνρθκσ
(
2 {Rσν , Rµρ}ac eκc − ωacκ
(
DρR
cd
σµ + ∂ρR
cd
σµ
)
eνd
− {ων, (DρRσµ + ∂ρRσµ)}ad eκd − ∂σ {ων , (∂ρωµ +Rρµ)}ac eκc
− ω acκ ∂σ
(
ω dνc∂ρeµd +
(
∂ρω
cd
µ +R
cd
ρµ
)
eνd
)
+ ∂νω
ac
κ ∂ρ∂σeµc
− ∂ρ
(
∂σω
ac
µ +R
ac
σµ
)
∂νeκc − {ων, (∂ρωκ +Rρκ)}ac ∂σeµc
− (∂σω acµ +R acσµ ) (ω dνc∂ρeκd + (∂ρω dκc +R cdρκ ) eνd))+O (θ3)
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At this point, it is possible to determine the deformed curvature and use
it to calculate the deformed action given by [66]∫
d4xǫµνρσǫabceê
a
µ ∗ R̂ bcνρ ∗ êdσ
Of course the actual expression obtained after substituting for the fields eµaρτ ,
eµaρτκσ, ω
ab
µρτ and ω
ab
µρτκσ is very complicated, and it is not clear whether one
can associate a geometric structure with it. One can, however, take this
expression and study the deformations to the graviton propagator, which
will receive θ2 corrections.
9 Conclusions
The simple idea that started with Utiyama to formulate the general theory
of relativity as a gauge theory of the Lorentz group has grown to become a
powerful tool in investigating gravitational theories. We have sampled only
few of the known applications in the literature, the full extent of which is
considerable. The main advantages are the simplicity and straightforward-
ness of the formalism. The idea can be applied to shed light on the various
aspects of gravity. We have shown that a consistent formulation of massive
gravity is possible through the use of spontaneous breakdown of gauge sym-
metry. When applied to graded Lie algebras it gives supergravity, and for
the Chern-Simons action it gives topological gravity. By extending the gauge
algebra to become complex, one obtains complex gravity with a Hermitian
metric. It is also possible to give a consistent deformation of the Einstein
action on spaces where ordinary products are replaced with star products.
All this work gives the promise that the gauge principle can unify gravity
with the other fundamental interactions, all of which are known to be based
on the gauge theories.
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